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Extension of geodesic algebras to
continuous genus
L. Chekhov,∗J. E. Nelson,† and T. Regge‡
Abstract
Using the Penner–Fock parameterization for Teichmu¨ller spaces of
Riemann surfaces with holes, we construct the string-like free-field
representation of the Poisson and quantum algebras of geodesic func-
tions in the continuous-genus limit. The mapping class group acts
naturally in the obtained representation.
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1 Introduction
The classical phase space of Einstein gravity on a 3D manifold is the Te-
ichmu¨ller space of its boundary [1]. This Teichmu¨ller space has a canonical
(Weil–Petersson) Poisson structure with the mapping class group as its sym-
metry group. When quantizing this structure [2, 3], the algebra of observables
in the corresponding quantum theory is the noncommutative deformation
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of the ∗-algebra of functions whose Poisson brackets become commutation
relations with quantum parameter ~. The symmetry group acts on the al-
gebra of observables by automorphisms generated by unitary operators of
the quantum mapping class group. These observables are the lengths of
closed geodesics on a Riemann surface, and they were constructed from the
Teichmu¨ller space coordinates using the graph technique of Penner [4] and
Fock [5]. The induced geodesic algebras with Goldman Poisson brackets [6]
are exactly those obtained in the first-order formalism description of 2 + 1-
dimensional gravity by Nelson, Regge, and Zertuche [7, 8].
In Section 2, we briefly review the first-order formalism of 3D (i.e. 2+1)
gravity in which Goldman brackets appear dynamically; in Section 3, we re-
view the graph description of Teichmu¨ller spaces of Riemann surfaces with
holes and introduce a set of geodesic functions, the observables in the the-
ory. In Section 4, we consider the specific basis of observables for which the
Nelson–Regge Poisson algebra is satisfied. In Section 5, using the Penner–
Fock coordinates, we construct the limiting expressions for geodesic functions
in the limit of infinite, or continuous genus and find that they satisfy a simple
string-like (or CFT-like) representation in terms of free fields. The Poisson
relations for these fields coincide with those of the string coordinates. We
also consider the action of the subclass of the mapping class group transfor-
mations generated by Dehn twists along geodesics from those considered by
Nelson and Regge [8], and show that these symmetries act naturally within
the above free-field representation. We construct the quantization of the
Poisson geodesic algebras in the limit of infinite genus in Section 6.
2 The first-order formalism in 3D gravity
Here we briefly describe the approach to 2 + 1-dimensional gravity based
on the first-order formalism [7, 8]. For the standard Einstein–Hilbert action
(without matter) and cosmological constant Λ
I =
1
16πG
∫
M
d3x
√−g(R− 2Λ), (2.1)
the classical solutions are constant curvature spaces with topology M ∼
[0, 1]× S, where S is a closed 2D surface.
In the first-order formalism, the fundamental independent variables are
a spin connection wµ
ab, and a local frame (or “dreibein”) eaµ satisfying
2
ηabeµ
aeν
b = gµν , ηab = diag {−++}. Introducing the one-forms ea = eµadxµ
and wa = 1
2
ǫabcwµbcdx
µ the action (2.1) becomes
I = −2
∫
M
(
e ∧ dw + 1
2
e ∧ w ∧ w + Λ
6
e ∧ e ∧ e
)
. (2.2)
Setting Λ = −1/ℓ2 < 0, and introducing the real variables A(±)a = wa± 1
ℓ
ea,
we obtain the Chern–Simons (CS) theory with an SO(2, 1)×SO(2, 1) gauge
potential
I[A(+), A(−)] = ICS[A
(+)]− ICS[A(−)], (2.3)
where
ICS[A] =
k
4π
∫
M
tr
(
A ∧ dA+ 1
3
A ∧A ∧ A
)
(2.4)
is the standard CS action.
The two dynamical (spacelike) components satisfy the Poisson brackets{
A
(±)a
i (x), A
(±)b
j (x
′)
}
= ±1
ℓ
ǫijη
abδ2(x− x′), (2.5)
while all of the A+ variables Poisson commute with all of the A− variables.
The holonomies, or geodesic functions, are
G(±)γ = P exp
{∫
γ
A
(±)a
i Tadx
i
}
, (2.6)
and their Poisson brackets were first found by Goldman [6]. However, these
brackets and the skein relations can be obtained from different considerations
based on the graph description.
3 Classical Teichmu¨ller spaces. The graph
technique
Classically, Teichmu¨ller spaces Tg,s of Riemann surfaces of genus g with s
holes (s > 0) are spaces of complex structures on a (possibly open) Riemann
surface S modulo diffeomorphisms homotopy equivalent to the identity. In
the vicinity of a boundary component, the complex structure is isomorphic
as a complex manifold either to an annulus (hole) or to a punctured disc
(puncture).
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An oriented 2D surface can be continuously conformally transformed to a
constant curvature surface. The Poincare´ uniformization theorem states that
any complex surface S of a constant negative curvature is a quotient of the
upper half-plane H+ endowed with the hyperbolic metric ds
2 = dzdz/(ℑz)2
with respect to (w.r.t.) the action of a discrete Fuchsian subgroup ∆(S) of
the automorphism group PSL(2,R),
S = H+/∆(S).
Any hyperbolic homotopy class of closed curves γ contains a unique closed
geodesic of the length l(γ) = log |λ1/λ2|, where λ1 and λ2 are (different) real
eigenvalues of the element of PSL(2,R) corresponding to γ. These lengths
are the desired physical observables.
The central point of the construction is the description of the Teichmu¨ller
space Tg,s(S) in terms of fat graphs [5], which we briefly describe.
Let a fat graph Γ be a graph with a given cyclic ordering of the edges
entering each vertex. We take all vertices to be three-valent, and coordinatize
the Teichmu¨ller space by associating real numbers Zα ∈ R to unoriented
edges. In this way we obtain the set {Zα|α ∈ E(Γ)}, where E(Γ) is the set
of all (unoriented) edges of the graph Γ. We also let V (Γ) denote the set of
vertices of a graph Γ.
A fat graph that is embedded into an oriented surface inherits the canon-
ical fat structure from the surface orientation. Denote by Γ(S) the set of all
isotopy classes of three-valent fat graphs embedded in the surface S in such
a way that the surface is shrinkable to the image. For any u ∈ Γ(S) and for
any given edge of u, associate a standard morphism u 7→ v, where v ∈ Γ(S)
is obtained from u by a flip of the edge (shown in Figure 1 below). These
morphisms, together with symmetries of a graph, generate the mapping class
group.
A three-valent graph Γ of genus g with s holes therefore generates an
isomorphism between the set of points of Tg,s(S) and the set R#edges of edges
of this graph endowed with real numbers [5].
In order to parameterize closed geodesics (paths over edges of the graph)
on the Riemann surface, associate the matrix XZα ∈ PSL(2,R) correspond-
ing to a Mo¨bius transformation to each edge α,
XZα =
(
0 −eZα/2
e−Zα/2 0
)
(3.1)
4
and introduce the matrices for “right” and “left” turns
R =
(
1 1
−1 0
)
, L ≡ R2 =
(
0 1
−1 −1
)
. (3.2)
Let a closed path in the graph Γ be any oriented path (no turning back),
which starts and terminates at the same edge of the graph. The product of
matrices standing on consecutive edges and turns of the path is
PZ1...Zk = LXZkLXZk−1RXZk−2 . . . RXZ2LXZ1 . (3.3)
In this way one obtains [5] a one-to-one correspondence between the set of
conjugacy classes of oriented paths {PZ1...Zk} and closed (oriented) geodesics
{γ} on the surface S. The length l(γ) of a geodesic is determined from
Gγ ≡ 2 cosh(l(γ)/2) = trPZ1...Zk . (3.4)
We shall call Gγ a geodesic function. It should be identified with the geodesic
function of equation (2.6) when Λ = −1.
In the {Zα} coordinates a canonical Poisson structure (theWeil–Petersson
structure) BWP on Tg,s(S) is
BWP =
∑
v∈V (Γ)
3∑
i=1
∂
∂Zvi
∧ ∂
∂Zvi+1
, (3.5)
where vi, i = 1, 2, 3 mod 3, label the cyclically ordered edges incident on a
vertex v. This structure is degenerate, and its Casimir functions are exactly
the lengths of the geodesics encircling holes.
The graph transformation that preserves the Poisson structure (3.5) under
the flip operation and satisfies the pentagon identity [2] is shown in Figure 1
where
{A,B,C,D, Z} → {A+φ(Z), B−φ(−Z), C+φ(Z), D−φ(−Z),−Z} (3.6)
and classically φ(Z) = log(eZ + 1) [5].
It was shown in [2] that the transformation (3.6) preserves the traces of
products over paths (3.4), i.e. the classical geodesic lengths are invariant
under the action of the mapping class group.
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The functions Gγ (3.4) studied in [6] satisfy a multiplicative Poisson
bracket algebra over Z.
The classical skein relation follows from the formula tr (AB)+ tr (AB−1)−
trA · trB = 0, which holds for arbitrary 2× 2 matrices A and B with unit
determinants. This can be represented graphically as
trB
trA
 
 
 
 @
@
@@
= trAB
ﬁ
ﬂ

ﬃ+trAB
−1 ﬁﬃ ﬂ.
(3.7)
Using this relation we can disentangle any set of crossing geodesics; the
basis elements are therefore geodesic laminations (GLs), namely sets of non-
intersecting and nonselfintersecting geodesics on S.
Consider now the Poisson structure of geodesic functions. Two noninter-
secting geodesics have a trivial bracket. Because a Poisson bracket {G1, G2}
of two geodesic functions satisfies the Leibnitz rule, it suffices to consider only
a single intersection of two geodesics. Graphically, we obtain the relation
  
  @@
@@
{ }
= −12
ﬁ
ﬂ

ﬃ+
1
2  ﬁﬃ ﬂ
G1 G2 GI GH
(3.8)
which was obtained in [6] in the continuous parameterization.
A geodesic is said to be graph simple if it passes through each edge of
a graph no more than once. The set of graph simple geodesics is obviously
finite and depends on the choice of the combinatorial type of a representing
graph. These sets, although obviously noninvariant under the mapping class
group action, form a convenient basis for closed finite-dimensional geodesic
algebras.
Example 1 For the torus (T1,1), there are three generatorsX, Y, Z satisfying
the Poisson brackets
{X, Y } = {Y, Z} = {Z,X} = 2
6
and with Casimir X + Y + Z. Correspondingly there are only three graph
simple geodesics whose geodesic functions are
GX = trLXYRXZ = e
−Y/2−Z/2 + e−Y/2+Z/2 + eY/2+Z/2,
GY = trLXZRXX = e
−Z/2−X/2 + e−Z/2+X/2 + eZ/2+X/2, (3.9)
GZ = trLXXRXY = e
−X/2−Y/2 + e−X/2+Y/2 + eX/2+Y/2.
Introducing the geodesic function G˜Z = trRXZRXXLXZLXY obtained
from GZ by the flip transformation (3.6), it follows that {GX , GY } = G˜Z/2−
GZ/2, and since relation (3.7) implies that GXGY = GZ + G˜Z , we obtain
{GX , GY } = 1
2
GXGY −GZ , (3.10)
i.e., the classical Poisson algebra which closes on the subset {GX , GY , GZ} of
geodesic functions (other relations are obtained from cyclic permutations in
(3.10)) at the price of introducing elements of the second order in the r.h.s.
4 Poisson algebras of geodesics
In order to generalize Example 1 we must find a graph on which graph simple
geodesics constitute a convenient algebraic basis. This is shown in Figure 2
where m edges crosswise connect two horizontal line subgraphs; note that
the apparent vertices at the corners of these subgraphs are not vertices. In
this picture graph simple closed geodesics are those and only those that pass
along exactly two different “vertical” edges of the graph; they are therefore
enumerated by the numbers of these edges, and we denote them by Gij where
i < j. The geodesic Poisson algebra for Gij is
{Gij,Gkl} =


0, j < k,
0, k < i, j < l,
GikGjl − GkjGil, i < k < j < l,
1
2
GijGjl − Gil, j = k,
Gjl − 12GijGil, i = k, j < l
Gik − 12GijGkj, j = l, i < k.
(4.1)
This algebra (4.1) is exactly that found by Nelson and Regge [9].
The graph in Figure 2 has genus m
2
− 1 and two holes if m is even and
genus (m − 1)/2 and one hole if m is odd. Such geodesic bases for m even
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and smooth Riemann surfaces were considered in [7]. The Poisson algebras
of geodesics obtained there coincide exactly with (4.1). These are the soq(m)
algebras whose representations were constructed in [10].
In the mathematical literature, the algebra (4.1) has also appeared as
the Poisson algebra of monodromy data (Stokes matrices) of some matrix
differential equation [11] and as the symplectic groupoid of upper-triangular
matrices A [12]. Form×m-matrices, in general we have [m
2
]
central elements
generated by the polynomial invariants fG(λ) ≡ det(G + λGT ) =
∑
fi(G)λi.
The total Poisson dimension d of the algebra (4.1) is m(m−1)
2
− [m
2
]
, and for
m = 3, 4, 5, 6, . . . we have d = 2, 4, 8, 12, . . . . The dimensions of the corre-
sponding Teichmu¨ller spaces are D = 2, 4, 8, 10, . . . , so that the Teichmu¨ller
spaces are embedded as the Poisson leaves into the algebra (4.1). Starting
from the genus 2 surface with two holes, the dimensions of these special leaves
become smaller than the highest dimensions of the Poisson representations
of (4.1).
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Figure 2
5 The free-field limit of Nelson–Regge alge-
bras
To produce an infinite-genus limit of geodesic algebras we consider graphs
as in Figure 2 with the number of “rungs” of the crossed ladder tending to
infinity and replace the index i by a continuous variable x. With the param-
eterization (3.3), we introduce three fields P 1,2(x) and C(x) corresponding
to the respective quantities living on upper horizontal, lower horizontal, and
8
vertical edges. The form of the Poisson relations we wish to obtain can be
easily read off from equation (4.1). To be precise, let x1 < x2 < x3 < x4.
Then,
{Gx1,x3,Gx2,x4} = Gx1,x2Gx3,x4 − Gx1,x4Gx2,x3, (5.1)
where all quantities in the products on the r.h.s. mutually commute. In
this limit, we disregard all the boundary cases where some of the points xi,
i = 1, . . . , 4, would coincide.
It is straightforward to calculate the geodesic function corresponding to
the path indicated in Figure 2 with (still discrete) variables P 1,2k and Ck. We
obtain
trLXP 2i R · · ·RXP 2j−2RXP 2j−1LXCjRXP 1j−1L · · ·XP 1i+1LXP 1i RXCi
= 4s1s2 cosh(Cj/2) cosh(Ci/2) + 2e
Ci/2 cosh(Cj/2)(e
Σ1+Σ2+s1e
Σ2+s2e
Σ1)
+ 2e−Cj/2 cosh(Ci/2)(e
−Σ1−Σ2+s1e
−Σ2+s2e
−Σ1)
+ 2eCi/2−Cj/2 cosh(Σ1 − Σ2), (5.2)
where Σ1,2 ≡∑j−1k=i P 1,2k and
s1 =
j−1∑
k=i+1
e−
∑k−1
l=i
P 1
l
/2+
∑j−1
l=k
P 1
l
/2, s2 =
j−2∑
k=i
e−
∑k
l=i P
2
l
/2+
∑j−1
l=k+1
P 2
l
/2. (5.3)
In the limit of an infinite number of vertical lines, typical differences
|i − j| become infinitely large, and in order to manage it we introduce a
scaling parameter ∆ that ensures that the combinations ∆|i− j| ≡ |xi − xj |
remain finite. To obtain continuously parameterized expressions from (5.2),
we simultaneously rescale Gxi,xj = ∆2 · Gij in order to replace summations by
integrations in (5.3). Simultaneously, we replace summations by integrations
over a continuous variable in the exponentials in the same formula.1 The
algebra (5.1) is obviously invariant under such a rescaling, since this reduces
to the global additive renormalization of all geodesic lengths l(γ). In this
field limit the expression (5.2) becomes drastically simplified, in fact only
the first term containing the product s1s2 survives, and we obtain
Gxixj =
∫ xj
xi
dy
∫ xj
xi
dz 4 cosh(C(xi)/2) cosh(C(xj)/2)×
1Classically, this corresponds to a situation where we also scale P 1,2i → P 1,2i /∆, i.e.,
we work in the domain of small variables Pi. However, we do not scale the Poisson (and
commutation) relations for these variables.
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× exp
{∫ xj
xi
dξǫ(y − ξ)P 1(ξ)dξ/2 +
∫ xj
xi
dρǫ(z − ρ)P 2(ρ)dρ/2
}
,(5.4)
where ǫ(x) = {+1, x > 0; −1, x < 0}.
In this field limit, the field C(x) can be scaled in two possible ways.
First, it becomes a single point when integrated over the variable x. That is,
if C(x) remains quantum it cannot contribute to the total expression (5.4)
since now the fields P 1,2(ξ) are macroscopic ensembles of the quantum fields
P 1,2k . An alternative is to fix C(x) to be a macroscopic classical field. (This
should be related to a deformation of the initial Riemann surface in the
continuous-genus limit; we will discuss it elsewhere.) In this case, the fields
C(x) becomes commutative. This also reflects the fact that in the continuous
limit the algebra (5.1) becomes conformally invariant. The only nontrivial
commutation relations are now
{P 1,2(x), P 1,2(y)} = δ′(x− y), {P 1(x), P 2(y)} ≡ 0, (5.5)
i.e. the relations for string coordinates ∂X(σ, τ) at coincident proper times τ
(the free-field representation). That is, if the variables x, y lie in the interval
[0, 2π], then by representing the P 1,2(x) as
P 1,2(x) =
1√
2π
+∞∑
l=−∞
eilxα1,2l ,
we find the standard CFT Poisson relations {αµl , ανp} = lδl+pδµν , µ, ν = 1, 2.
It is convenient to introduce the integrated variablesX i(x) where P i(x) =
∂X i(x). Their Poisson relations become
{X1,2(x), X1,2(y)} = ǫ(x− y)/2, {X1(x), X2(y)} ≡ 0, (5.6)
and then the quantities Gxixj become integrals of local field insertions:
Gxixj =
∫ xj
xi
dy
∫ xj
xi
dz 4 cosh(C(xi)/2) cosh(C(xj)/2)×
×eX1(xi)/2+X1(xj)/2+X2(xi)/2+X2(xj)/2−X1(y)−X2(z), (5.7)
It can be checked that the Poisson relations (5.1) follow from (5.7) and (5.6).
We now consider the boundary conditions for the free-field variables
P 1,2(ξ). Consider a variation of Figure 2, where the lower part of the picture
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is inverted i.e. twisted and opened out, so that all rungs are twisted, and
become vertical strips connecting the upper and lower parts of the graph.
The variables P 1,2(ξ) live on these strips. We briefly return to the discrete
variables, P 1,2i , i = 1, . . . , n, n = m− 3, and let the variables on the two cor-
ners (twisted rungs) be P 1n+1 and P
2
0 . It is easy to see that the only nonzero
Poisson brackets for the P 1,2i are
{P 1i , P 1i+1} = {P 2i−1, P 2i } = 1, i = 1, . . . , n (5.8)
and
{P 1n+1, P 2n} = {P 1n+1, P 1n} = {P 11 , P 20 } = {P 21 , P 20 } = −1. (5.9)
That is, the variables P 1(ξ) and P 2(ξ) exhibit a mirror-like symmetry.
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Figure 3
For simplicity, we discard in Figure 3 all the C-variable rungs of the
diagram (all of them are vertical twisted lines joining symmetrical points ξ
on the upper and lower arcs on which the variables X1(ξ) and X2(ξ) reside).
We keep only two such lines with variables P 20 and P
1
n+1 in order to exhibit the
possible boundary conditions. It seems plausible that the boundary relations
(5.9) imply Neumann type boundary conditions for the string-like variables
X1,2(σ):
P 1(0) ≡ ∂X1(0) = P 2(0) ≡ ∂X2(0)
and
P 1(2π) ≡ ∂X1(2π) = P 2(2π) ≡ ∂X2(2π).
In the next section, we consider the quantization of the functions (5.7)
and construct their quantum algebra.
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6 Quantization
Let T ~g,n(Γ), where Γ ∈ Γ(S), be the algebra generated by the generators Z~α
(one generator per one (unoriented) edge α) with the relations
[Z~α, Z
~
β ] = 2πi~{Zα, Zβ} (6.1)
(cf. (3.5)) with the ∗-structure (Z~α)∗ = Z~α. Here Zα and {·, ·} stand for
the respective coordinate function and the Poisson bracket on the classical
Teichmu¨ller space.
To any flip morphism, we now associate a homomorphism (Figure 1) of
the corresponding ∗-algebras that is idempotent and satisfies the five-term
relation [2]. This morphism is given by (3.6) with the (quantum) function
[13, 14]
φ(z) ≡ φ~(z) = −π~
2
∫
Ω
e−ipz
sinh(πp) sinh(π~p)
dp, (6.2)
where the contour Ω goes along the real axis bypassing the origin from above.
For any γ, the quantum geodesic operator G~γ is
G~γ ≡ ×× trPZ1...Zn ×× ≡
∑
j∈J
κ∈{j}
exp

12
∑
α∈E(Γ)
(mj(γ, α)Z
~
α + 2πi~c
κ
j (γ, α))

 ,
(6.3)
where the quantum ordering ×
×
·×
×
implies that we must change the classical
expression by introducing additional integer coefficients cκj (γ, α) determined
from the following conditions.
1. The mapping class group action ∆(S) (3.6) with φ~(z) from (6.2)
preserves the set {G~γ}, i.e., for any δ ∈ ∆(S) and any closed path γ, we have
δ(G~γ) = G
~
δγ .
2. Geodesic algebra. The product of two quantum geodesics is a linear
combination of quantum geodesic laminations (QGLs) governed by the quan-
tum skein relation [16] below. In analogy with the classical case, a QGL is a
set of self- and mutually nonintersecting quantum geodesics.
3. Unorientedness. Quantum traces of direct and inverse geodesic oper-
ators coincide.
4. If the closed paths γ and γ′ do not intersect, then the operators G~γ and
G~γ′ commute. Therefore, the order of quantum geodesic functions entering
a QGL is irrelevant.
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We introduce the Weyl ordering :ea1ea2 · · · ean : ≡ ea1+···+an for any set
{ai : ai 6= −aj}. It was found in [15] that for a graph simple geodesic, the
quantum ordering is the Weyl ordering .
If G~1 and G
~
2 are two non selfintersecting quantum geodesics with one
nontrivial intersection, then
G~1G
~
2 = e
−iπ~/2G~Z + e
iπ~/2G˜~Z . (6.4)
That is, graphically, we obtain the Turaev [16] quantum skein relation,
 
 
 
 @
@
@@
= e−iπ~/2
ﬁ
ﬂ

ﬃ+e
iπ~/2 ﬁﬃ ﬂ
G~1 G
~
2 G
~
Z G˜
~
Z
(6.5)
In (6.5) the order of the crossing of G~1 and G
~
2 indicates which geodesic
occupies the first place in the product; the rest of the graph is unchanged).
If two QGLs have more than one intersection, the quantum skein relations
must be applied simultaneously at all intersection points [15]. In particular,
this implies the Riedemeister moves for a graph, if we set the empty loop to
be −e−iπ~ − eiπ~.
The algebra (4.1) was quantized by the deformation quantization method
in [7, 8]. By imposing the quantization conditions (6.1), we obtain the quan-
tum soq(m) algebra of [8]: aij commutes with akl if i < j < k < l or
i < k < l < j; the elements aij , ajk, and aik constitute the soq(3) subalgebra;
and if i < k < j < l, then [aij , akl] = ξ(aikajl−ailajk), where ξ = e−iπ~−eiπ~.
The quantum operators G~xi,xj are determined by equation (5.7) when the
Weyl ordering is assumed, and the commutation relations between the fields
appearing there are
[X1,2(x), X1,2(y)] = πi~ǫ(x− y), (6.6)
[X1(x), X2(y)] = [X1,2(x), C(y)] = [C(x), C(y)] = 0.
It is straightforward to check that (again assuming x1 < x2 < x3 < x4)
[G~x1,x3,G~x2,x4] = ξ(G~x1,x2G~x3,x4 − G~x1,x4G~x2,x3), (6.7)
where, as previously, the quantities in the products in the r.h.s. commute.
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7 Conclusions
This paper should be considered as a first step in exploring the possibilities
of using infinite/continuous genus limits of Riemann surfaces in 3D gravity to
describe the effects of CFT/string theory. For example, one can interpret the
continuous-genus limit classically as describing surfaces similar to two sphere-
like regions (the variables P 1,2(ξ)) connected by infinitely many handles (the
variables C(ξ)). It would be interesting to find an analogous treatment of
the more complicated algebras of SL(n,R) type (see [17]) for which similar
constructions may have some meaning.
An interesting question is to find eigenfunctions for the quantum geodesic
operators. The spectrum is obviously continuous and positive definite, and
finding possible coherent states for operators (5.7) in terms of string variables
seems to be interesting problem with possible applications in conformal field
theory. We expect that the fermionization technique can be useful. This
work is in progress. Also, worth noting is the doubling of variables (we have
two sets, X1(ξ) and X2(ξ) of them). Note that the algebra (6.7) holds only
when we have one or two sets of variables; adding extra (string) variables
destroys this structure.
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